Floor 5. Synthesis
Unit В. CATHEGORIES 
Room 5.3. Cathegories
Definition 5.1. The cathegory XE "категория"  Г is the pair (Ob Г, Mor Г) with the objects class Ob Г and the morphisms class Mor Г, which satisfy the following conditions 
1) 
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2) for all A(Mor Г there exist unique objects X and Y such that A(H(X,Y);
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By this definition (see Fig. 5.1) for all pair of objectов XE "объект:категории"  Х and Y there exists the set (may be empty) of morphisms  XE "морфизм:категории" H(X,Y), which characterize relations between these objects. Each morphism А is included to the concrete class H(X,Y) of parallel morphisms, and had the begin Х and the end Y. Let А and В are consecutive morphisms (namely the end of A is equal to the begin of B) then there exists a superposition of morphisms А(В, which is the same begin as A and the same end as B. For all three consecutive morphisms its superposition associative. For all object Х there exist the unit morphism XE "морфизм:единичный"  ЕХ; its superposition with arbitrary object is equal to this object.  XE "морфизмы:последовательные" 
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Fig. 5.1. Definition of the cathegory.
Consider examples of cathegories.

Example 5.1. Sets cathegory. XE "категория:множеств"  Its objecta are sets. For all sets Х and Y we can determine the family H(X,Y) of operators from Х to Y. The superposition of morphism is the standard superposition of operators. It is associative. The unit morphism is the unit operator. Relations between categories and set are given in the Table 5.1.
Table 5.2. Catecories-sets dictionary
	cathegories theory
	sets theory

	object
	set

	morphism
	operator

	superposition of morphisms
	superposition of operators

	unit morphism
	unit operator

	моноmorphism
	injection

	эпиmorphism
	surjection

	isomorphism
	bijection

	subobject
	subset

	fasctor object
	fasctor set


Example 5.2. Ordered sets cathegory contains  XE "категория:упорядоченных множеств" ordered sets and monotone operators. The superposition of monotone operators is monotone (see Fig. 5.2). The unit operator is monotone (see Fig. 5.3); so it is the unit morphismом.
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Fig. 5.2. The superposition of monotone operators is monotone.
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Fig. 5.3. The unit operator is monotone.

Example 5.3. The groupoids cathegory has groupoids as objects and  groupoids homomorphisms as morphisms. It is obviously that superposition of homomorphisms is the groupoids homomorphism, and the unit operator is  homomorphism too (see Fig. 5.4 and 5.4). The analogical sense have gropups cathegory, rings cathegory, etc. The linear spaces cathegory contains linear spaces and linear operators. 
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Fig. 5.4. The superposition of homomorphismов is homomorphism.
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Fig. 5.5. The unit operator is homomorphism.
Example 5.4. The topological spaces cathegory includes topological spaces and continuous operators. The superposition of continuous operators is  continuous; the unit operator is continuous too (see Fig. 5.6 and 5.7). The metric spaces cathegory is metric spaces and isometric operators; besides the superposition of isometric operators is isometric continuous, the unit operator is isometric. 
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Fig. 5.6. The superposition of continuous operators is continuous.
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Fig. 5.7. The unit operator is continuous.

Example 5.5. The measurable spaces cathegory includes measurable spaces and measurable operators.  The spaces with measure cathegory contains spaces with measure and operators, which save the measure. Of course the superposition of operators, which save the measure, saves the measure; and unit operator saves the measure too. (see Fig. 5.8 and 5.9).
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Fig. 5.8. The superposition of operators, which save the measure, saves the measure.
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Fig. 5.9. The unit operator save the measure.

Definition 5.2. Morphism А(H(X,Y) of the cathegory Г is called the isomorphism XE "изоморфизм:категорий" , if there exists the А-1(H(Y,X) such that A(А-1 = EX, А-1( A = EY. The morphism is inverse morphism. The objects Х and Y are isomorphic in this situation.
Definition 5.3. The property of the object of the cathegory Г is called  the property of the cathegory if it saved after isomorphisms of this cathegory. 
The property of the category is same for all isomorphic objects of this cathegory. For example, the finity, the infinity, the non emptiness, the denumerability are the properties of the sets cathegory. The linear order, the complete order, the boundedness, the existence of minimal elements are properties of the ordered sets cathegory. The commutativity, existence of additional operations are properties of the groups cathegory. The connectedness, the compactness, the metrisability are properties of the topological spaces cathegory. The completeness, the boundedness are properties of the metric spaces cathegory.
Комната 5.10. Theories
The development of the concrete mathematical theory can be realized by means of the concrete category (see Fig. 5.10). At first we choose the objects class by determination of axiomtic properties of analized objects. It can be sets with order, operations, topology, etc.  

For determination of morphisms of the cathegory we try definite the means of the transformation of some objects to other objects of this category. Of course we would like that superpositions of these transformations and unit transformation are morphisms of this cathegory. Bezides the superpositions of these transformations are morphisms, the superposition is associative, and there exists the unit morphism for all object. Then we obtain the corresponding cathegory.
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Fig. 5.10. The sceme of the categories construction.
Next step is the development of standard notions of the categories theory with respect to the considered cathegory. Then we determine properties of categories for classification of its objects. Next step is the choice of models. There are simple enough objects of this cathegory with known properties. 

The analysis of the new objects is determination of the model, which is isomorphic to given object. So its properties are same as the isomorphic model.
We consider as example the sets theory. We choose sets and operators as objects and morphisms of cathegory. Then we can determine standard category notions. There are the subobjext (subset), the factor object (factor set), the inverse morphism (inverse operator), the isomorphism (bijection), etc. 

Then we determin the properties of this cathegory, which saves after bijections. It can be emptiness or non emptiness and finiteness or infiniteness.
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Fig. 5.11. Properties and models of sets.
Then we choose some models. The first model is, for example the empty set. It is finite and empty. We choose also the set М={1,2,3,4,5}, which is non empty. Then we begin to analyse concrete objects, namely concrete sets.
Example 5.6. Set F of fingers. The set F is not isomorphic to (, so it is not empty. For all finger we can choose the concrete element from M. So F is isomorphic to M. Therefore F have the same properties as M, then it is finite. 
Example 5.7. Set 
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 of rational numbers. There is not any bijection between 
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and  ( or M. So 
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 does not have the analogue in our list of models. In really this list is not complete because we do not have the model og infinite set. We can choose 
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as a new model, but it will be better to choose easier set 
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 of natural numbers.
Example 5.8. Set U of points of interval [0,1]. This object is not isomorphic to our three models however the list of models is complete. Therefore there exist a new property of sets cathegory. Infinite sets can be denumerable or not. The 
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 is denumerable, but the interval has other cardinality. So we determine the new property, and we can choose U as the new model.
Example 5.9. Set S of boundary points of the interval [0,1]. It is not isomorphic to all our. Hence we determine that there exists a lot of non isimorphic non empty finite sets. It have other numbers of elements. So we obtains new models, for example, {1}, {1,2}, {1,2,3}, etc. In really we can determine new classes of infinite sets, for example Boolean of the interval. 
Next development of the sets theory is definition of a structure on he set.
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